Abstract: This paper addresses the production and maintenance problem of multiple-product manufacturing system satisfying several random demands corresponding to every product. The goal of this study is to establish an economical production planning followed by an optimal maintenance strategy, taking into account the influence of the multiple-product production rate on the materiel degradation. Analytical models are developed in order to minimize sequentially the production/holding costs and the total maintenance cost. A numerical example is presented to prove the developed approach.
INTRODUCTION
Currently, competition is increasing more and more, customers are becoming more exigent and demand becomes increasingly random; this is why the development of industrial strategies (maintenance and production) has become indispensable for industrial companies in order to reduce their costs. In this context, (Hajej et al., 2009 (Hajej et al., , 2010 (Hajej et al., , 2011 studied in different ways the problem of combined production and maintenance plans for a randomly failing manufacturing system satisfying a random demand over a finite horizon. (Rezg et al., 2008) presented an analytical model and a numerical procedure which allow determining a joint optimal inventory control and an age based on preventive maintenance policy for a randomly failing production system. (Dehayem Nodem et al., 2011) developed a method to find the optimal production, repair/replacement and preventive maintenance policies for a degraded manufacturing system. Several reviews have been published to summarize the development in this area; (Dhouib et al., 2012) , (Berrichi et al., 2010) , (Aghezzaf et al., 2007) , (Berthaut et al., 2010) .
In this paper we are interested in a manufacturing system for multiple-products; this problem has been studied by (Silva Filho, 2005) . He developed a stochastic dynamic optimization model to solve a multi-product, multi-period production planning problem with constraints on decision variables and finite planning horizon. (Thomas W. Sloan et al., 2000) developed a Markov decision process model that simultaneously determines maintenance and production schedules for a multiple-product, single-machine production system, accounting for the fact that equipment condition can affect the yield of different product types differently. (Kenne et al., 2003) presented the analysis of the production control and corrective maintenance rate problem in a multiplemachine, multiple-product manufacturing system. They obtained a near optimal control policy of the system through numerical techniques by controlling both production and repair rates. Many works have been developed in the same context, (A. Taleizadeh et al., 2008) , (Mesut kumru 2011), (Burak Kazaz et al., 2013) .
In the literature, the consideration of the materiel degradation according to the production rate is rarely studied. In this study, we take into account the influence of the production plan on the material failure rate in order to establish the optimal maintenance strategy.
Based on the work of (Hajej et al., 2009 (Hajej et al., , 2010 (Hajej et al., ,2011 , the goal of this paper is to determine the optimal production planning followed by an optimal maintenance strategy for a multiple-product and single machine, taken into account the influence of the production rate on the failure rate.
The content of this paper is organized as follows: In section 2, we present the problem description. The production and maintenance models are stated respectively in section 4 and 5. A numerical example is presented in chapter 7. Finally, the conclusion is included in Section 8.
PROBLEM DESCRIPTION
In this study, we are concerned with the problem of an optimal production and maintenance planning of a manufacturing system. The system is composed of a single machine which produces several products in order to meet several random demands. The problem is presented in (Fig.  1 ).
Regarding reliability, we consider that the equipment is subject to random failures. The failure rate λ j,k (t) increases with time and according to the production rate. The machine undergoes a preventive maintenance policy in order to reduce the occurrence of failures.
The aim of this work is to determine an economical production plan and an optimal maintenance strategy.
Firstly, for a given randomly demand, we established an optimal production plan which minimizes the average total holding and production costs. Secondly, using the optimal production plan obtained and its influence on the manufacturing system failure rate, we established an optimal maintenance scheduling which minimizes the maintenance total cost. 
NOTATIONS

Cp i
The unit production cost of product i Cs i
The unit holding cost of product i st i The Setup cost of product i
Mc
The corrective maintenance action cost
Mp
The preventive maintenance action cost U imax The maximum production rate for product i H
The finite production horizon P The total number of products m
The total number of sub-periods ∆t Length of the period k ∆t'
Length of the sub-period j σ di Standard deviation of demand for product i θ i
Probabilistic index (related to customer satisfaction) of product i S i (k) Inventory level of product i at the end of the period k F (.)
The total expected cost of production and inventory over the finite horizon H Γ(.)
The total cost of maintenance λ j,k (.) Failure rate function at sub-period j for the period k λ n (.)
Nominal failure rate φ(.)
The average number of failure N Number of preventive maintenance actions during H T Intervention period for preventive maintenance actions u ij (k) Production rate of product i at sub-period j for the period k y ij (k) A binary variable equal to 1 if a setup of product i is performed at sub-period j for the period k, and 0 otherwise up Unit produced mu Monetary unit
PRODUCTION POLICY
The purpose of this section is to develop an analytical model that allows us to determine the optimal production plan U* (U* = u ij *(k) with i=1,.., P, j=1,...,m, k=1,..,H-1) , in other words, to determine the quantity and the type of products to produce in each period. We recall that P represents the total number of products, m is the number of sub-period and H the finite production horizon. Figure below shows an example of a production plan.
Fig. 2.The production plan
4.1Problem formulation
To develop this section, the following assumptions are specifically made:
• As described in (Fig. 2) , we have divided the period k into m equal sub-periods, with m = P (the total number of products); • Holding and production costs of each product are known and constant; • Only a single product can be produced in each subperiod; • The standard deviation of demandσ di and the average demandˆi d for each product and each period k are known and constant. The mathematical formulation of the proposed problem is based on the extension of the model described by (Hajej et al., 2011) for the one product case study.
Formally, the stochastic production problem is defined as follows:
Under the following constraints:
The first constraint denotes the inventory balance equation for each product during each period. The equation (2) refers to the meeting of orders for each period and each product under service level. The constraint (3) defines the upper production rate of the machine for each product. The constraint (4) states that y ij (k) is a binary variable. We note that y ij (k) equal to 1 if a setup of product i is performed at sub-period j for the period k, and 0 otherwise. The last constraints mention that only one product can be produced in sub-period j.
4.2 The deterministic production model (Hajej et al., 2011) proved that:
Where ( ) S k mean stock level at the end of period k and d σ the standard deviation of demand.
So we can deduce:
Using (9) and (10), we can determine the deterministic model of our stochastic problem (P1).
We have: 
Therefore, the deterministic equation of production/inventory cost is as follows:
is not included in the cost formulation because the production at the end of the horizon H is not considered.
• The inventory balance equation
• The service level constraint:
We have:
With:
U Өi (.): Minimum cumulative production quantity for each product i during each period k. Constraints (3), (4), (5) and (6) are unchanged.
MAINTENANCE STRATEGY
The optimal production plan is obtained by minimizing the expected production/inventory cost. Moreover it is interesting to develop an optimal maintenance strategy considering the manufacturing system degradation according to the production rate. To know the optimal period (intervals q. T, q=1,..,N) at which a preventive maintenance action must be carried out is very important for minimizing the total cost of maintenance.
To develop the analytical model, we assume that:
• M aintenance actions have negligible durations;
• I n the case of preventive maintenance, the system becomes as good as new;
• Mp and Mc costs incurred by the preventive and corrective maintenance actions are known and constant, with Mc>>Mp.
The analytic expression of the total maintenance cost is expressed as follows:
The objective is to find the optimal number of preventive maintenance actions N* (N=1,2,...) minimizing the total cost per monetary unit over a given horizon H.
Before determining the an analytical model minimizing the total cost of maintenance, we need to develop the expression of the failure rate λ j,k (t). As mentioned, the key of this study is that the failure rate depends on both the failure rate of the previous period and the production rate.
The diagram bellow represents the general description of the failure rate evolution. Thus, the expression of the failure rate can be written as follows:
With : Using the failure rate expression, the average number of failure can be presented as follows:
Lemma 3: [.] : Superior integer part.
Therefore, the total maintenance cost is presented as follows: ⎢  ⎥  ⎣  ⎦   ⎛  ⎞  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎜  ⎟  ⎝ 
OPTIMISATION
To apply these analytical models that we have developed, we have to go through two main stages. The first stage consists of identifying the various optimal production rates u* ij (k)during the horizon H-1 which minimize the total production and inventory cost, in order to meet the random demands. That's why, we minimize the objective function (lemma 1) taking into account the constraints (3), (4), (5), (6), (12) and (13).
The second step is to determine the optimal number of preventive maintenance actions N* over the horizon H. That is why we must first determine the evolution of the failure rate λ j,k (t),( lemma2). This function is increasing and is reset after each q.T , with q = 1, ...,N, see (Fig. 3) . Using the failure rate function λ j,k (t) according to the various optimal production rates u* ij (k), we establishes the average number of failure equation φ(U, N), ( lemma 3).
Once the equation of the average number of failure is determined, then we proceed to the last step, which is determining N* in order to minimize the maintenance total cost.
NUMERICAL EXAMPLE
Let us consider a system that produces three products to meet the random demands below. Using the models described in previous sections, we will determine the optimal production plan. We will determine then the optimal number of preventive maintenance minimizing the total cost of maintenance over a finite planning horizon: H=30 semesters. The data required to run this model are given in sequence.
ü Production policy:
• =245, d 3,3 =189, d 3,4 =203, d 3,5 =273, d 3,6 =284, d 3,7 =301, d 3,8 =257, d 3,9 =248, d 3,10 =189, d 3,11 =195, d 3,12 =170, d 3,13 =215, d 3,14 =230, d 3,15 =223, d 3,16 =247, d 3,17 =292, d 3,18 =156, d 3,19 =223, d 3,20 =191, d 3,21 =235, d 3,22 =177, d 3,23 =291, d 3,24 =198, d 3,25 =194, d 3,26 =220, d 3,27 =255, d 3,28 =200, d 3,29 =232, d 3,30 =233} • The other data are presented as following : To determine the average number of failure we assume that the failure time of the equipment has a degradation law characterized by a Weibull distribution. The Weibull scale and shape parameters are respectively β=15 and α=2. The preventive and corrective maintenance cost are respectively Mp = 1000 mu, Mc = 2500 mu.
( Fig. 4) shows the curve of the average total cost of maintenance according to N (Number of preventive maintenance actions). We conclude that the optimal number of preventive maintenance actions that minimizes the total cost of maintenance is N*=7. Hence, the optimal interval for intervention for preventive maintenance T*= 13 months and the minimal total cost of maintenance Г*(N)= 13 060mu. 
CONCLUSION
In this paper, we studied a problem of an integrated production/maintenance policy for a multiple-product manufacturing system, satisfying economically several random demands, taking into account the influence of the production rate on the machine degradation. The equipment is subjected to random failure. A minimal repair is practiced at every failure.
The aim of this study is to establish an economical production plan followed by an optimal maintenance strategy. It's noted that the use of the optimal production plan in the maintenance cost formulation is justified by the significant influence of the production rate on the manufacturing system degradation.
Firstly, we have formulated a production/inventory problem in order to obtain an optimal production plan which satisfies random demands over a finite horizon. Secondly, using the optimal production plan in the maintenance problem formulation, we have established an optimal maintenance strategy.
